The quantum nature of elementary bosons can be completely erased by using coherent states known as Glauber states. Here, we consider composite bosons (cobosons) made of two fermions and look for the possibility to erase the bosonic quantum nature of the field and the fermionic quantum nature of its constituents, when the distribution of the coboson Schmidt decomposition is either flat like Frenkel excitons, or localized like Wannier excitons. We show that for Frenkel-like cobosons, complete erasure of the field quantum nature is possible up to a density which corresponds to a sizable fraction of the number of fermion-pair states making the coboson at hand. At higher density, the Pauli exclusion principle between fermionic constituents shows up dramatically. It induces: (i) the decrease of number-operator eigenvalues down to 1 and the increase of the numberstate second-order correlation function up to 2; (ii) the disappearance of the usual sharp peak in the coherent-state distribution and the increase of the coherent-state second-order correlation function up to 2. It also is possible to construct number states and coherent states for Wannier-like cobosons, but their forms are far more complex. Finally, we show that Pauli blocking makes the coboson coherent states qualitatively different from the Anderson's ansatz.
I. INTRODUCTION
The milestone Hanbury-Brown-Twiss optical interferometry experiments [1, 2] , made in 1956, have opened the route to studying optical quantum regime through direct measurement of high-order correlation functions for photons. While the first-order correlation function probes phase coherence as it is a one-body quantity, the photon quantum nature and the coherence properties of the field show up in higher-order correlation functions.
Shortly after Hanbury-Brown-Twiss experiments, Glauber [3] laid the groundwork for a modern theory of quantum optical coherence. In particular, he showed that it is possible to construct a linear combination of elementary-boson Fock (or number) states that gives all n-order correlation functions exactly equal to 1. Such a state is commonly called coherent or Glauber state. This state is classical in the sense that the uncertainty product ∆p∆x calculated within this state is equal to its minimum value, /2. Glauber states are physically important because they describe output light sources of single-mode lasers [4, 5] .
In recent years, measurements of high-order correlations have been extended to massive bosons such as cold bosonic atoms or cold fermionic-atom dimers [6] [7] [8] [9] . Dall et all [10] have performed an impressive feat by measuring atom-atom correlation functions for ultracold 4 He up to six order. Mature optical calibration and precise control of trapped cold-atom gases have opened a new area of physics with precise studies of quantum collective properties for massive bosonic particles, as in Bose-Einstein condensate. * Electronic address: shiau.sean@gmail.com
Composite bosons (cobosons for short) behave as elementary bosons when they are tightly bound; coherence measurements then agree with Glauber's predictions. By contrast, for loosely-bound cobosons such as semiconductor excitons, the underlying fermionic constituents play a crucial role in the coherence properties of these particles, through Pauli blocking induced by the Pauli exclusion principle. We have recently shown [11] that the secondorder correlation function of N identical cobosons, each made of two fermions, is larger than that for N identical elementary bosons. Corrections coming from fermion exchange between cobosons depend on the dimensionless parameter that controls coboson many-body effects, namely η ≡ N (a/L) D , where D is the space dimension, L the sample size, and a the Bohr radius of the two fermions making the coboson. As precise studies of the coherence properties for composite bosons require to take into account the Pauli exclusion principle, there is an urgent need to include its consequences in Glauber's theory.
In this work, we address the following important question: is it possible to construct Glauber states from cobosons made of two fermions, that is, eigenstates of the coboson destruction operator, such that all correlation functions g n exactly equal 1? To put it differently, can the bosonic quantum nature of the coboson field and the fermionic nature of its constituents be erased completely?
Glauber showed that the answer is yes for elementary bosons. This is not so much a surprise because elementary-boson Fock states from which Glauber states are constructed have correlation functions smaller than 1. The construction of Glauber states from cobosons faces many more difficulties. First, g 2 for coboson Fock states is larger than its counterpart for elementary bosons [11] . Secondly, even if we neglect fermion-fermion interaction, the underlying fermionic nature of cobosons is very strong: when the coboson density becomes sizable, co-boson Fock states are so altered by the Pauli exclusion principle [12] that their bosonic properties completely disappear. Despite these difficulties, we will show that it is possible to construct Glauber states for cobosons with a second-order correlation function equal to 1, not only in the expected very dilute limit, but also in a dense regime where Pauli blocking comes into play.
We approach this problem through the coboson manybody formalism [13, 14] . One merit of this formalism is to transparently reveal the consequences of fermion exchanges between cobosons. We consider cobosons in their Schmidt decomposition (see Eq. (6)), with a |ϕ p | distribution either flat, that is, completely delocalized like Frenkel excitons [15] , or localized like Wannier excitons [14] . In this work, we focus on the effect of the Pauli exclusion principle between the coboson constituents. Their fermionic quantum nature affects the elementary boson results in different ways, but in both cases, we succeed to construct Fock and Glauber states.
We show that for Frenkel-like cobosons with a flat |ϕ p | distribution, Glauber states maintain a second-order correlation function equal to 1 up to a coboson number as large as a sizable fraction (≃ 16%) of the number of pair states making them. For Wannier-like cobosons having a localized ϕ p distribution -a situation definitely more complex than when the distribution is flat -we provide a formal procedure to derive Fock states and Glauber states. Finally, we show that, except in the very dilute limit, Glauber states for Frenkel-like and Wannier-like cobosons qualitatively differ from the ansatz state e αB † |0 commonly used to study coboson condensation and coherence, as first proposed by Anderson [16] . This paper is organized as follows: In Sec. II, we briefly introduce Fock states and Glauber states for elementary bosons with creation operator A † . These states are, respectively, defined as eigenstates of the number operator A † A and the destruction operator A. In Sec. III, we first connect the usual decompositions of Frenkel and Wannier excitons to the Schmidt decomposition of composite bosons commonly used in quantum information. We then present the two key commutators of the coboson manybody formalism that we use to calculate many-body effects induced by fermion exchange between cobosons. We end this section by briefly discussing what we have called "moth-eaten effect" which occurs in all coboson systems and which comes from the Pauli exclusion principle between coboson fermionic constituents. In Sec. IV, we focus on Frenkel-like cobosons whose ϕ p distribution is just a phase, and construct their Fock and Glauber states. We study the probability distribution and second-order correlation function of these states as a function of the number of fermion-pair states that enter the Frenkel-like coboson operators, and as a function of the average coboson number of the Glauber state at hand. In Sec. V, we turn to Wannier-like cobosons whose Schmidt distribution is localized. Although the procedure is far more complicated, we show that it is possible to construct Fock states and Glauber states for this coboson field, and we study the dependence of these quite complex states on the coboson field characteristics. In Sec. VI, we compare Glauber states of the above two types of cobosons with the Anderson's ansatz. In Sec. VII, we discuss previous research on coboson Glauber states. We then conclude.
II. ELEMENTARY BOSONS
To better grasp the consequences of the coboson composite nature which markedly distinguishes cobosons from elementary bosons, let us briefly recall the results for elementary bosons.
For a classical field A(t), the second-order correlation function evaluated in the system ensemble,
is exactly equal to 1, while classical noises always yield g 2 (t) larger than 1. By contrast, for a quantum field of elementary bosons -as photon field -with creation operator A † such that A, A = 1, the |φ state secondorder correlation function,
can be less than 1. The lowest possible value for g 2 , obtained for the Fock state A †N |0 with |0 denoting the vacuum, is equal to 1 − 1/N (see Appendix I), which is the lowest possible g 2 value an N -elementary boson state can reach.
It is possible to erase this bosonic quantum nature and achieve all-order correlation functions equal to 1 through a linear combination of Fock states, as first shown by Glauber [3] . This so-called Glauber state, also known as coherent state, is defined in terms of normalized Fock
It is easy to see that |φ α is eigenstate of the boson destruction operator A with eigenvalue α,
As Glauber states for elementary bosons have a Poisson distribution over the Fock states |N , their distribution as a function of N is peaked at |α| 2 (see Fig. 3 ), which is equal to the average boson number,
4 , we readily find that the second-order correlation function g 2 for the |φ α state is exactly equal to 1 whatever α. And similarly for all higher-order correlation functions.
III. COMPOSITE BOSONS MADE OF TWO FERMIONS
The quantum nature of composite bosons made of two fermions is far more subtle than that of elementary bosons. The fundamental complexity lies in the impossibility of associating a particular pair of fermions to a coboson. This fermion indistinguishability allows fermion exchanges between cobosons, these exchanges giving rise to the dimensionless "Pauli scatterings" of the coboson many-body formalism [14] . The Pauli exclusion principle between coboson fermionic constituents induces the socalled "moth-eaten effect" [12] which, in particular, forbids piling up more cobosons than the number of fermionpair states from which the cobosons are made. The Pauli exclusion principle being fundamentally unquenchable, the induced "moth-eaten effect" is extremely robust and shows up in all problems involving cobosons. In the following, we will show its dramatic consequences on Fock and Glauber states of coboson fields.
where N s is the number of lattice sites. The tight-binding approximation, valid for these excitons, makes their creation operators depend on a single index n only. So, they appear in a diagonal Schmidt form. By contrast, the creation operator [14] of a Wannier exciton a priori depends on two quantum indices, i = (Q i , ν i ),
By noting that momentum conservation imposes Q i = k h + k e , it is possible to write the i exciton creation operator in a diagonal form, as a linear combination of pairs having different relative-motion momentum p,
with γ e = 1 − γ h = m e /(m e + m h ), in order for the electron and hole kinetic energies, k As we here are interested in the quantum aspects of cobosons induced by the Pauli exclusion principle, we can stay with the diagonal form (6) , which renders the algebra of the coboson formalism far simpler. We are going to successively consider: (i) Frenkel-like cobosons, which are fully delocalized in space, their ϕ p distribution being just a phase; (ii) Wannier-like cobosons, which have a spatial extension a, their ϕ p distribution being peaked with a momentum extension ∼ 1/a.
B. Many-body formalism for fermion exchange
We here consider coboson operator B † written in a diagonal form (6) , and normalized by p |ϕ p | 2 = 1. The effects of the coboson composite nature follow from two commutators [13, 14] ,
the operator D being such that D|0 = 0. Iteration of these two commutators give
Using the above equation, we find that N -coboson states |ψ N = B †N |0 are related by
The C † term results from the coboson composite nature. It makes the |ψ N normalization factor
different from the normalization factor N ! of the elementary-boson Fock state A †N |0 . The F N factor, equal to 1 for elementary bosons, decreases from F 1 = 1 when N increases, because of the moth-eaten effect between N cobosons.
We wish to mention that B|ψ N is often divided [18, 19] into a state along |ψ N −1 and a state orthogonal to |ψ N −1 . One is then tempted to drop this orthogonal part, as done in Ref. 19 , while keeping F N /F N −1 = 1 as the unique signature of the coboson composite nature, which is fully inconsistent (see Appendix II).
C. Moth-eaten effect
We have often used the vivid word, "moth-eaten," to describe a many-body effect induced by the Pauli exclusion principle that occurs in all systems of composite particles made of fermions. To physically grasp this effect, consider the single coboson state
† coboson is added to this state, one fermion-pair state cannot be used by the second B † operator of the B † |ψ 1 = |ψ 2 state because of the Pauli exclusion principle between the fermionic constituents of the two B † operators, as if a little moth had eaten one state among the fermion-pair states p that enter the ϕ p distribution. In the same way, a B † coboson added to the N -coboson state |ψ N has N fermion-pair states missing, as if N little moths had eaten these states from the ϕ p distribution.
A very striking way in which this moth-eaten effect shows up is through the N -coboson normalization factor N !F N , which is markedly different from N ! for N elementary bosons. Indeed, the factor F N decreases exponentially when N increases, from F 1 = 1 down to zero when N reaches the number N s of fermion-pair states p that enter the ϕ p distribution, as in the case of Frenkellike cobosons. For N > N s , the |ψ N state reduces to zero, the little moths having eaten all the N s pair states that constitute the ϕ p distribution.
IV. COMPOSITE BOSONS WITH A FLAT DISTRIBUTION
Let us first consider cobosons having constant |ϕ p |, that is, ϕ p equal to a phase as for Frenkel excitons. The coboson creation operator then readŝ
where N s is the number of pair states used to make the coboson at hand. Indeed, since |ϕ p | is a constant, this number must be finite in order to have p |ϕ p | 2 = 1 that It is easy to check that, forD defined as in Eq. (10), theĈ † operator reduces tô
Inserting the above equation into Eq. (14) we find, for |ψ N =B †N |0 ,
So, the state orthogonal to |ψ N −1 exactly cancels (see Appendix II). The normalization factor ψ N |ψ N = N !F N then takes a compact form
because of the Pauli exclusion principle between coboson fermionic constituents, it is not possible to pile up more cobosons than the number of pair states entering theB † operator. The above equation givesF 1 = 1 and
A. Fock states
The normalized N -coboson state constructed on thê
With the help of Eq. (18), we find
So, |N is eigenstate of the number operatorB †B , but its eigenvalue is decreased from the elementary boson This eigenvalue decrease has important consequences on the second-order correlation functionĝ 2 of the Fock state |N . Indeed, as
the normalized |N state has aĝ 2 given bŷ Figure 2 shows the second-order correlation function for Fock states of Frenkel-like cobosons and of elementary bosons. When the coboson number N is much smaller than the number N s of pair states making the coboson, theĝ 2 value is essentially equal to that of N elementary bosons, as physically reasonable since the effect of Pauli blocking is small. When N reaches 1+N s /2,ĝ 2 is exactly equal to 1: the bosonic quantum nature of the coboson field starts to disappear. When N approaches N s ,ĝ 2 increases rapidly until it reaches 2(1 − 1/N s ) for N = N s . The effect of Pauli blocking becomes noticeable when the coboson number N is a sizable fraction of the number N s of pair states making the coboson.
B. Quasi-Glauber states
Let us now look for Glauber states, that is, eigenstates of the coboson destruction operatorB, as a linear combination of coboson Fock states,
Compared with Glauber states for elementary bosons where there is no upper limit for their Fock states |N , the fact that |N states only exist for N ≤ N s , because of Pauli blocking, has a dramatic consequence on the possible construction ofB eigenstates. Indeed,
has an upper N limit equal to N s − 1 instead of N s as for |φ α ; so, the best we can do is to find a "quasi-Glauber state" |φ α such that
and to hope that the missing αx Ns |N s state has no sizable consequence. From the above equation, we find that the x N 's for N < N s are related through • through the fact that |φ α cannot be exact eigenstate of the destruction operatorB. This substantially changes the second-order correlation function of the |φ α state when |α| 2 N s /e 2 . Let us study these two points separately.
We first analyze the Glauber-state distribution, |x N | 2 , as a function of N and |α| 2 . The |x N | 2 distribution for elementary bosons, |α| 2N /N !, has a maximum for ln(|α| 2 /N ) ≃ 0, that is, a peak at N ≃ |α| 2 . By contrast, the |x N | 2 distribution for Frenkel-like cobosons has two extrema that occur for ln |α|
provided that |α| 2 < N s /4. When |α| 2 ≪ N s , the |x N | 2 distribution has a pronounced peak at N * − ≃ |α| 2 and a shallow minimum at N * + very close to N s , which is the maximum number of cobosons the sample can accommodate. This distribution looks very much like the one for elementary bosons.
The fermionic nature of theB † coboson constituents shows up when |α| in order for the quasi-Glauber states |φ α to produce an average boson number of the order of N s , these large-N Fock states |N must have a |x N | 2 prefactor large enough to compensate for small number-operator eigenvalues.
To quantify the consequences of Pauli blocking on Glauber states, we first note that
This relation allows us to write the occupation probability P N for the Fock state |N in two ways, Figure 3 shows this probability as a function of N for various |α| 2 when N s = 1000. For elementary bosons (dashed curves), a pronounced peak exists at N = |α| 2 whatever α. For Frenkel-like cobosons, the P N probability has a similar peak when |α| 2 is small. With increasing |α| 2 , this peak decreases in magnitude, its position is shifted toward higher N , although the average boson number
stays close to |α| 2 , since P Ns then is very small. When |α| 2 reaches ≃ 0.16N s , the peak starts to strongly decrease without spreading, its missing weight being transferred to |N s and its neighbor states, thereby causing the probability P Ns to increase abruptly up to 1. This rapid increase of P Ns as |α| 2 passes 0.16N s makes the average boson number in the |φ α state decrease down to 0. Figure 4 shows the |x N | 2 distribution as a function of N for fixed |α| 2 and different N s . The existence of a finite upper boundary, N s , for the number of pair states forming the Frenkel-like coboson makes (i) the peak position shift toward high N and (ii) the peak height decrease to its utter disappearance.
2.ĝ2 correlation function for the |φα state
We now consider the second-order correlation function g 2 for the quasi-Glauber state |φ α . As x Ns = αx Ns−1 , we find, using Eq. (25),
This givesĝ 2 correlation function of the |φ α state aŝ
we can rewrite the above equation aŝ
Ns−1
This shows thatĝ 2 is always larger than 1 since the unique negative contribution to the sum, which comes from the N = 0 term, is small compared to the N = 2 term for |α| 4 > 2(N s − 1)/(N s − 2), a condition fulfilled for physically relevant α's.
The fact thatĝ 2 for the quasi-Glauber state |φ α is larger than 1, while it is equal to 1 for elementary bosons, again comes from the Pauli exclusion principle: Fock states for elementary bosons have a g 2 correlation function equal to 1 − 1/N ; it always is smaller than 1 and approaches 1 when N goes to infinity. By contrast, coboson Fock states do not exist for N larger than N s because of Pauli blocking; so, N cannot increase up to infinity. Moreover, coboson Fock states have a second-order correlation function larger than 1 for N > N s /2 + 1, again due to Pauli blocking. As a result, if large-N Fock states |N have a substantial weight in |φ α , the resultingĝ 2 also is larger than 1. By contrast, if large-N Fock states have a negligible weight in |φ α , which occurs for |α| 2 ≪ N s , thê g 2 correlation function goes to 1 because of the |x Ns−1 | 2 factor in Eq. (34). In such a case, the coboson composite nature plays a minor role. Figure 5 shows the second-order correlation function g 2 for the quasi-Glauber state |φ α as a function of |α| 2 , it stays equal to 2(1 − 1/N s ). This value obtained for |α| 2 larger than ≃ 0.16N s can be understood as follows: in this regime, the whole occupation probability P N shifts toward the Fock state |N s , as can be seen from Figs. 3 and 4, while theĝ 2 correlation function for |N s , as given in Eq. (22), is equal to 2(1 − 1/N s ).
We conclude that, in the case of cobosons having a ϕ p distribution equal to a phase, as for Frenkel excitons, it is possible to wash out the quantum nature of the coboson field for |α| 2 smaller than a threshold value ≃ 0.16N s , above which the Pauli exclusion principle between the coboson fermionic constituents completely destroys its coherent nature, the quasi-Glauber state being essentially reduced to its |N s component.
V. COMPOSITE BOSONS WITH A LOCALIZED DISTRIBUTION
We have shown that, for a coboson fieldB † having a flat |ϕ p | distribution, the number of fermion-pair states making the coboson must be finite in order to have a normalized operator. As a direct consequence, it is not possible to construct exact Glauber states, i.e., eigenstates of the destruction operatorB. By contrast, eigenstates of the number operatorB †B do exist but their eigenvalue is smaller than that for elementary bosons -a signature of Pauli blocking on N -coboson states.
We now consider cobosons B † = p ϕ p B † p having a localized ϕ p distribution with p |ϕ p | 2 = 1 fulfilled for an infinite number of free-pair states p, as in the case of Wannier excitons and most composite bosons which have a relative-motion wave function localized in space. We are going to show that exact eigenstates of the number operator and the destruction operator of the Wannier-like coboson field do exist. As a result, the bosonic nature of the field and the fermionic nature of its constituents can be completely erased. Because the construction of these states is quite complicated, we relegate most derivations in Appendix III, and shall here focus on their physical steps.
A. Fock states
(1) A first idea for the number-operator eigenstates is to take all cobosons in the same state, namely B †N N |0 with 
Here again, as 1 = p |ϕ p | 2 , Pauli blocking reduces the number eigenvalue N 2 to less than 2.
The procedure for N = 2 can be extended to higher N in a straightforward manner, with similar though more complicated eigenstates. We thus conclude that Fock states can be constructed for a B † coboson field having a localized distribution, these Fock states being products of different coboson operators.
B. Glauber states
A first idea, which actually works, is to look for eigenstates of the destruction operator B as
where B † N , defined in Eq. (35), now depends not only on N but also on α. To fulfill B|φ α = α|φ α amounts to fulfilling BB †N
To understand how the solution of this equation develops, let us consider the first few N 's.
• For N = 1, the condition BB † 1 |0 = α|0 is fulfilled for g 1,p = αϕ p .
• For N = 2, the condition BB †2
As |ϕ p | 2 scales inversely with sample volume, the |ϕ p | 2 expansion of the above two equations gives
where τ n defined as
physically corresponds to fermion exchange between (n+ 1) cobosons [14] .
• For N = 3, the condition BB †3
which gives S 3 through
The resulting S 3 and g 3,p expanded in |ϕ p | 2 are given in Appendix III B.
• For arbitrary-N cobosons, a similar procedure gives, according to Appendix III B,
(45) The deduced S N expands as
from which we get the first terms of the g N,p expansion in |ϕ p | 2 as
Inserting these g N,p 's into Eq. (37), we obtain the Glauber state |φ α for Wannier-like cobosons. It depends on the ϕ p distribution in a complicated manner; but through it, the bosonic nature of the Wannier-like coboson field and the fermionic nature of its constituents is completely erased, which is a formidable challenge!
VI. COMPARISON WITH THE ANDERSON'S ANSATZ
Let us now compare the Glauber states we have constructed for Frenkel-like and Wannier-like cobosons with the ansatz proposed by Anderson for BCS condensate [16] but which has also been used for the exciton BoseEinstein condensate [20, 21] .
Anderson has shown [16] that for B † creating a coboson made of two electrons with opposite spins and opposite momenta,
reduces to the BCS state [14] 
for
for n ≥ 2. It is worth noting that for B † replaced by the elementary boson creation operator A † , Eq. (48) reduces to the elementary boson Glauber state. So, the above ansatz must possess some kind of coherent character. Before going further, we wish to stress that |Φ α is not eigenstate of the B destruction operator, and therefore it is not an exact Glauber state with full coherence at all orders.
A. Frenkel-like cobosons
To study the probability distribution of the |Φ α ansatz with respect to N and |α| 2 in the case of Frenkel-like cobosons, we replace B † withB † given in Eq. (16) . By using the same algebraic manipulations that transform Eq. (48) into Eq. (49), we find that the Anderson's ansatz reads as
As its normalization factor is given by
we find the Fock-state probability in the |Φ α state aŝ
This probability exactly corresponds to the one obtained by Kaplan and Ruvinskii [22] ; so, the state they considered (see Eq. (55) state. TheP N distribution has a maximum at N * = |α| 2 /(1 + |α| 2 /N s ) whatever α. This N * number, which always is smaller than N s , also is the average boson number of the |Φ α state. Figure 6 shows the probability distribution of the |Φ α state as a function of N for different |α| 2 . By comparison, Frenkel-like cobosons have a sharper peak. The larger the |α| 2 value gets, the further their peak position shifts from |α| 2 toward lower N . The peak intensity and the position shifting stand in stark contrast to those of the quasi-Glauber state |φ α given in Eq. (23) .
Difference between the Glauber state |φ α and the Anderson's ansatz |Φ α for Frenkel-like cobosons can also be seen from their second-order correlation function:ĝ 2 for |Φ α exactly readsĝ
whatever α. By contrast,ĝ 2 for |φ α stays equal to 1 for |α| 2 smaller than ≃ 0.16N s , while for larger |α| 2 it is equal to 2(1 − 1/N s ), which is twice theĝ 2 value for the |Φ α state.
We conclude that in the case of Frenkel-like cobosons, the Anderson's ansatz |Φ α and the quasi-Glauber state |φ α differ qualitatively at large particle density. The |Φ α state, by construction, has aĝ 2 less than 1; therefore, a residue of its bosonic quantum nature remains, whatever α. 
VII. STATE OF THE ART
Glauber states for composite bosons have been previously tackled by Kaszlikowski's group. Yet, the procedure they used [19] is inconsistent because they have neglected the component of B|ψ N that is orthogonal to the |ψ N −1 state, while keeping F N /F N −1 ratios different from 1 as unique signature of the particle composite nature. In doing so, they missed the fact that cobosons for which the orthogonal component exactly cancels, do exist, such as Frenkel-like cobosons whose ϕ p distribution is just a phase.
To possibly construct Glauber states from the Fock states of cobosons having a flat |ϕ p | distribution, it is crucial to recognize that the number of pair states making such cobosons must be finite. Consequently, because of Pauli blocking, it is not possible to pile up more Frenkellike cobosons than the number of pair states at hand. This leads to very different Fock-state probability distribution in the resulting coboson Glauber state.
VIII. CONCLUSION
In this paper, we establish a formal procedure to construct Fock and Glauber states for composite bosons. We show that it is possible to erase the bosonic quantum nature of a coboson field and the fermionic quantum nature of its constituents, despite the known robustness of Pauli blocking. Yet, the Pauli exclusion principle leading to the "moth-eaten effect", present in all coboson systems, shows up in different ways.
• For cobosons whose ϕ p distribution in their Schmidt decomposition is just a phase, such as Frenkel excitons, Pauli blocking imposes a maximum number N s of cobosons which strongly affects the Fock-state probability distribution in the Glauber states. This probability exhibits a sharp peak which resembles that of elementaryboson Glauber states, not only in the very dilute limit |α| 2 ≪ N s , but also up to the rather dense regime |α| 2 0.16N s . In this regime, the second-order correlation functionĝ 2 is essentially equal to 1; thus, the quantum nature of the coboson field is essentially erased. Beyond |α| 2 ≃ 0.16N s , the Glauber states collapse to its |N s component. In this regime, the Pauli exclusion principle between the coboson fermionic constituents is quite strong and cannot be erased.
• For cobosons having a localized ϕ p distribution, such as Wannier excitons, exact Fock and Glauber states can be constructed. These two states are far more complex than the ones for a flat distribution, because of the structured momentum dependence of ϕ p . For both states, the coboson distribution in the N -coboson Fock state must be adjusted to compensate for Pauli blocking, which becomes stronger and stronger when the coboson number increases. Nevertheless, their behaviors with respect to Pauli blocking are qualitatively the same as for Frenkellike cobosons.
The Glauber states for composite bosons we have here constructed should be of great value for studying the output light source emitted by a conglomerate of nano-scale quantum emitters [23, 24] , or by an exciton or polariton condensate [25] [26] [27] . A first direct application is the superradiance of Frenkel-like cobosons at high excitation density, which should display interesting phenomena different from those at low density [28, 29] . The imprint of Pauli blocking should appear in their emission or absorption spectrum when the density increases.
The quantum property of N elementary bosons follows from
The above equation readily gives
The normalized states |N = (N !) −1/2 A †N |0 are thus related by
from which we readily get In order to write B|ψ N as a state along |ψ N −1 and a state orthogonal to |ψ N −1 in an easy way, we introduce the projector P (N ) ⊥ over the subspace orthogonal to |ψ N , defined in terms of the identity operator I N in the N -pair subspace as 
where
B|ψ N by construction is orthogonal to |ψ N −1 .
To get the normalization factor of the |R N state, we first note, using Eq. (14) , that this state also reads
(B.3) So, from the above two equations and
as obtained by projecting Eq. (14) over |ψ N , we get the |R N normalization factor as
(B.5) in agreement with Ref. 18 . So, R N |R N would reduce to zero for F N = 1, as in the case of elementary bosons. However, it is inconsistent to neglect this term because F N +1 /F N for cobosons expands as [30] where τ n = p |ϕ 2 p | n+1 comes from fermion exchange between (n + 1) cobosons [14] . So, |R N differs from zero when F N +1 /F N differs from 1.
We wish to note that R N |R N cancels not only for F N +1 /F N = 1, but also for
which corresponding to F N +1 /F N in the dilute limit [31] . For Frenkel-like cobosons having a flat distribution |ϕ p | = 1/ √ N s , the τ n factor is equal to 1/N n s ; so, F N +1 /F N then is exactly equal to the first two terms of Eq. (B.6).
The above 1 − N τ 1 value for F N +1 /F N actually is the lowest value that can be derived using the so-called Schmidt number N * ef f = 1/τ 1 in quantum information theory [18, 32] . This Schmidt number is commonly used to gauge quantum entanglement between two fermions in a coboson. Again, we find that both g 3,p and S 3 are linear in α.
• which agree with the results obtained for N = (1, 2, 3 ). We again see that both S N and g N,p are linear in α.
